Abstract. We classify the quasifinite highest weight modules over a family of subalgebras W (n) ∞ of the central extension W 1+∞ of the Lie algebra of differential operators on the circle consisting of operators of order ≥ n. We classify the unitary quasifinite highest weight modules over W ∞ = W
Introduction
The W-infinity algebras naturally arise in various physical theories, such as conformal field theory, the theory of the quantum Hall effect, etc. The W 1+∞ algebra, which is the central extension of the Lie algebra D of differential operators on the circle, is the most fundamental among these algebras.
When we study the representation theory of a Lie algebra of this kind, we encounter the difficulty that although it admits a Z-gradation, each of the graded subspaces is still infinite dimensional, and therefore the study of highest weight modules which satisfy the quasi-finiteness condition that its graded subspaces have finite dimension, becomes a non-trivial problem.
The study of representations of the Lie algebra W 1+∞ was initiated in [KR1] , where a characterization of its irreducible quasifinite highest weight representations was given, these modules were constructed in terms of irreducible highest weight representations of the Lie algebra of infinite matrices, and the unitary ones were described. On the basis of this analysis, further studies were made in the framework of vertex algebra theory for the W 1+∞ algebra [FKRW, KR2] , and for its matrix version [BKLY] . The case of orthogonal subalgebras of W 1+∞ was studied in [KWY] . The symplectic subalgebra of W 1+∞ was considered in [B] in relation to number theory.
In this article, we develop the representation theory of the subalgebras W Typeset by A M S-T E X 1 of differential operators on the circle that annihilate all polynomials of degree less than n. The most important of these subalgebras is W ∞ = W (1) ∞ . We first give a description of parabolic subalgebras of W (n) ∞ and we classify all its irreducible quasifinite highest weight modules. Second, we describe the relation of W ∞ to the central extension of the Lie algebra of infinite matrices with finitely many nonzero diagonals and, using this relation, we classify and construct all the unitary irreducible quasifinite modules over W ∞ . Surprisingly, the list of unitary modules over W ∞ is much richer than that over W 1+∞ .
Quasifinite representations of Z-graded Lie algebras
Let g be a Z-graded Lie algebra over C:
where g i is not necesarily of finite dimension. Let g ± = ⊕ j>0 g ±j . A subalgebra p of g is called parabolic if it contains g 0 ⊕ g + as a proper subalgebra, that is p = j∈Z p j , where p j = g j for j ≥ 0, and p j = 0 for some j < 0.
We assume the following properties of g:
, and using (P2), we get a = 0.
Given a ∈ g −1 , a = 0, we define p a = ⊕ j∈Z p a j , where p a j = g j for all j ≥ 0, and
Proof. a) We have to prove that p a is a subalgebra. First, [p
Finally, it is obviously the minimal one, proving (a). b) For any k > 1:
proving the lemma.
In the particular case of the central extension of the Lie algebra of matrix differential operators on the circle (see [BKLY] , Remark 2.2), we observed the existence of some parabolic subalgebras p such that p −j = 0 for j >> 0. Having in mind that example, we give the following Definition 2.3. a) A parabolic subalgebra p is called non-degenerate if p −j has finite codimension in g −j , for all j > 0. b) An element a ∈ g −1 is called non-degenerate if p a is non-degenerate. Now, we begin our study of quasifinite representations over g.
Given λ ∈ g * 0 , a highest weight module is a Z-graded g-module V (g, λ) generated by a highest weight vector v λ ∈ V (g, λ) 0 which satisfies
The Verma module over g is defined as usual:
, and the action of g is induced by the left multiplication in U(g). Here and further U(q) stands for the universal enveloping algebra of the Lie algebra q.
is the quotient of M (g, λ) by the maximal proper graded submodule. We shall write M (λ) and L(λ) in place of M (g, λ) and L(g, λ) if no ambiguity may arise. Consider a parabolic subalgebra p = ⊕ j∈Z p j of g and let λ ∈ g * 0 be such that λ| g 0 ∩[p,p] = 0. Then the (g 0 ⊕ g + )-module C λ extends to a p-module by letting p j act as 0 for j < 0, and we may construct the highest weight module
We will also require the following condition on g: (P3) If p is a non-degenerate parabolic subalgebra of g, then there exists a nondegenerate element a such that p a ⊆ p.
Remark 2.4. In all the examples considered in [KR1] , [BKLY] , [KWY] and Section 3 of this work, property (P3) is satisfied.
Theorem 2.5. The following conditions on λ ∈ g * 0 are equivalent:
Proof.
(1) ⇒ (4) : Denote by a v λ the singular vector, where a ∈ g −1 , then (4) holds for this particular a.
The Lie algebra W (n)
∞ and its parabolic subalgebras
We turn now to a certain family of Z-graded Lie algebras. Let D be the Lie algebra of regular differential operators on the circle, i.e. the operators on C[t, t −1 ] of the form
The elements J
form its basis, where
where D = t∂ t . It is easy to see that
Here and further we use the notation
Fix a linear map T :
→ C is the evaluation map at w = 0. The central extension of D by a one-dimensional center CC, corresponding to the 2-cocycle Ψ is denoted by W 1+∞ . The bracket in W 1+∞ is given by
Consider the following family of Lie subalgebras of D (n ∈ N):
Denote by W (n)
∞ the central extension of D (n) by CC corresponding to the restriction of the 2-cocycle Ψ. Observe that W
∞ is the well known W ∞ subalgebra of W 1+∞ .
Letting
where using (3.1), we have explicitly:
It is easy to check that the Z-graded Lie algebras W (n)
∞ satisfy the properties (P1-2).
Remark 3.4. The Lie algebra W (n)
∞ contains a Z-graded subalgebra isomorphic to the Virasoro algebra if and only if n = 0 or n = 1. Indeed, from the commutator:
The existence of Virasoro subalgebras for n ≤ 1 was observed in [KR1] .
Let p be a parabolic subalgebra of W (n) ∞ . Observe that for each j ∈ N we have:
Lemma 3.5. a) I −k is an ideal for all k ∈ N if n ≤ 2 (there are examples of parabolic subalgebras where I −1 is not an ideal for any n > 2).
Proof. Observe that A 0,k = A 1,k = C[w] for all k ≥ 1, and A 2,k is a subspace which contains a polynomial of degree l for all l ≥ 1, proving the first part. Now, observe that A n,1 = C[w][w − 1] n−1 , and take
Then, after some computation, it is possible to see that these subspaces define a parabolic subalgebra p = ⊕ k∈Z p k , where
Finally, since A n,k contains a polynomial of degree l for all l ≥ m, for some m ∈ N, part b) follows.
Remark 3.6. Due to Lemma 3.5, we no longer have the situation of parabolic subalgebras described in terms of ideals, as in the Lie algebras considered in [KR1] , [BKLY] and [KWY] . But for the algebra W ∞ the parabolic subalgebras are as in these references.
We shall need the following proposition to study modules over W (n) ∞ induced from its parabolic subalgebras.
So, by Lemma 3.5 b), part a) follows . Let p be any parabolic subalgebra of W (n) ∞ , using Lemma 2.1 we get p −1 = 0. Then, using a) and p d ⊆ p (for any non-zero d ∈ p −1 ), we obtain b). Finally, part c) follows by Lemma 2.2 b) and the commutator:
Quasifinite Highest Weight Modules over
∞ also satisfies property (P3), hence we can apply Theorem 2.5.
Let L(λ) be a quasifinite highest weight module over W (n)
∞ . By Theorem 2.5, there exists some monic polynomial b(w) = a(w) [w] n such that
We shall call such monic polynomial of minimal degree, uniquely determined by the highest weight λ, the characteristic polynomial of L(λ).
, where l ∈ Z + , and the central charge c = λ(C). We shall consider the generating series
Recall that a quasipolynomial is a linear combination of functions of the form p(x)e αx , where p(x) is a polynomial and α ∈ C. Recall the well-known characterization: a formal power series is a quasipolynomial if and only if it satisfies a non-trivial linear differential equation with constant coefficients. We have the following characterization of quasifinite highest weight modules.
Theorem 4.2. A W (n)

∞ -module L(λ) is quasifinite if and only if
is a quasipolynomial. This condition is equivalent to the existence of a quasipolynomial φ λ (x) with φ λ (0) = 0, such that
Proof. From Proposition 3.7 a) and c), and Theorem 2.5(2), we have that L(λ) is quasifinite if and only if there exist a polynomial b(w) = [w] n a(w) such that
Now, using that ∆ λ (x) = −λ d dx n e xD , and the identities
condition (4.4) can be rewritten as follows:
Thus, L(λ) is quasifinite if and only if there exists a polynomial a(w) such that
) is a quasipolynomial, proving the first equivalence of the theorem. Now, suppose that
with φ λ (0) = 0, then using that
we have
Conversely, suppose that F λ (x) is a quasipolynomial. Let φ(x) be any solution of (4.5) satisfying the condition φ(0) = 0. Observe that all solutions are of the form φ(x) + n i=1 c i (e x − 1) i . Then by (4.5), φ(x) is a quasipolynomial, and we have
, where the expression of ∆ λ (x) is independent of the choice of φ(x), completing the proof.
Remark 4.6. Given a quasipolynomial F (x), it is easy to see that ∆ λ (x) is uniquely determined by the equation
Definition 4.7. The quasipolynomial φ λ (x) + c, where φ λ (x) is from (4.3) and c is the central charge, can be (uniquely) written in the form 
Observe that 
, and the proposition follows.
Let O be the algebra of all holomorphic functions on C with the topology of uniform convergence on compact sets. We consider the vector space 
We shall denote by W
O by CC corresponding to the restriction of the cocycle Ψ. And we shall use de notation
In the following section, we shall need the following proposition. 
Proof. The proof is analogous to that of Proposition 4.3 in [KR1] .
Embedding of
In the following, we will suppose that n = 1, i.e. we consider the algebra W ∞ .
Let gl ∞ be the Z-graded Lie algebra of all matrices (a ij ) i,j∈Z with finitely many nonzero diagonals (deg E ij = j −i). Consider the central extension gl ∞ = gl ∞ +CC defined by the cocycle:
Given s ∈ C, we will consider the natural action of the Lie algebra D (1) (resp.
. Taking the basis v j = t −j+s (j ∈ Z) of this space, we obtain a homomorphism of Lie algebras ϕ s :
This homomorphism preserves gradation and it lifts to a homomorphism ϕ s of the corresponding central extensions as follows [KR1] :
Let s ∈ Z and denote by gl ∞,s the Lie subalgebra of gl ∞ generated by C and {E ij |i = −s and j = s}. Observe that gl ∞,s is naturally isomorphic to gl ∞ . Let p s : gl ∞ → gl ∞,s be the projection map. If s ∈ Z, we redefine ϕ s by the homomorphism
Given s = (s 1 , . . . , s m ) ∈ C m , we have a homomorphism of Lie algebras over C:
where
The proof of the following proposition is similar to that of Proposition 3.2 in [KR1] .
Proposition 5.2. The homomorphism ϕ s extends to a homomorphism of Lie algebras over C, which is also denoted by ϕ s :
where ν is the automorphism defined by
Hence we may (and will) assume that 0 ≤ Re s < 1 throughout the paper.
proving the proposition.
This anti-involution ω extends to the whole algebra D
O , defined in (4.11). Observe that Ψ(ω(A), ω(B)) = ω(Ψ (B, A) ), A, B ∈ D
O .
Therefore, the anti-involution ω of the Lie algebras D (1) and D
O lifts to an antiinvolution of their central extensions W ∞ and W O ∞ , such that ω(C) = C, which we again denote by ω.
In this section we shall classify and construct all unitary (irreducible) quasifinite highest weight modules over W ∞ with respect to the anti-involution ω. In order to do it, we shall need the following lemma. Proof. Let v λ be a highest weight vector of V . Then the first graded subspace V −1 has a basis
Consider the action of
It is straightforward to check that
It follows that a(S)((t −1 D)v λ ) = 0, and that {S j ((t −1 D)v λ ) | 0 ≤ j < deg a} is a basis of V −1 . We conclude from the above that a(w) is the characteristic polynomial of the operator S on V −1 . Since the operator S is self-adjoint, all the roots of a(w) are real. Now, suppose that a(w) = (w − r) m c(w) for some polynomial c(w) and r ∈ R.
Hence the unitarity condition forces m = 1. Take 0 < s < 1. Then under the homomorphism ϕ s : W O ∞ → gl ∞ , the antiinvolution ω induces the following anti-involution on gl ∞ :
.
If we consider the linear automorphism T defined by T (e i ) = µ i e i = e
′ is equivalent to the anti-involutionω defined by:
After a shift by the automorphism ν defined in (5.4), we may assume 0 < s < 1, then under the homomorphism ϕ s : W O ∞ → gl ∞ , the anti-involution ω induces an anti-involution on gl ∞ that is equivalent to the following:
As usual, for any λ ∈ ( gl ∞ ) * 0 we have the associated irreducible highest weight is an irreducible g s -module.
Theorem 6.7. Let V be a quasifinite g s -module, viewed as a W ∞ -module via the homomorphism ϕ s , where s i − s j / ∈ Z if i = j, and 0 ≤ Re s i < 1. Then any W ∞ -submodule of V is also a g s -submodule. In particular, the W ∞ -modules L(g s , λ) are irreducible, and in this way we obtain all quasifinite W ∞ -modules L(λ) with φ λ (x) = i n i e r i x , n i ∈ C, r i ∈ C.
Proof. Consider any W ∞ -submodule W of V . By Proposition 4.12, the action of W ∞ can be extended to (W O ∞ ) k (k = 0). Using Proposition 5.2, we see that the subspace W is preserved by g s . Therefore, the W ∞ -modules L(g s , λ) are quasifinite and irreducible. Then it is easy to calculate the generating series of the highest weight (see Section 4.6 in [KR1] ): in the case s ∈ R\Z, we have (6.8) in the case of s = 0, we have ∆ 0,λ (x) = d dx j>0 e −jx n j + j<0 e (−j+1)x n j + e 2x λ 0 − e −x λ 1 e x − 1 , (6.9) and the last part of the theorem follows from equations (6.8-9).
In fact, as in Theorem 4.6 in [KR1] , it is possible to construct all irreducible quasifinite W ∞ -module in terms of representations of gl(∞, R m ) (or a subalgebra of it), where gl(∞, R m ) is the central extension of the Lie algebra of infinite matrices with finitely many non-zero diagonals and coefficients in the algebra of truncated restricting to W ∞ via the embeddingφ s , where s = (s 1 , . . . , s m ) ∈ R m , 0 ≤ s i < 1 and s i − s j / ∈ Z if i = j.
